Abstract: An analytical uncertainty propagation method based on state transition tensors (STTs) has been developed for satellite relative motion near J2-perturbed, elliptic orbits. The STTs used to propagate the relative state uncertainty are derived by adding a correction into the original STTs for propagating relative state. A new set of transitive STTs is further derived in order to propagate uncertainties for relative motion with abrupt state jumps, e.g. impulsive maneuvers executing on any of the two satellites. The nonlinear analytical solution for propagating the first two moments and the probability density function are formulated by combining the STTs with a Gaussian mixture model.
order approximation only for the first two moments of the mapped statistical distributions by using less than 2n+1 sigma-points. In comparison to UT, the PC method [24, 25] can provide more accurate information on higher-order moments and the entire PDF, however, it suffers from the problem of dimensionality. The STTs-based methods [26, 27] can analytically propagate uncertainty and requires no random samples once the STTs are integrated along the nominal trajectory. However, high-order derivatives of the governing dynamics need to be computed for these methods, which will be very complex for high-fidelity dynamic systems. Alternatively, the DA technique [28, 29] supplies a tool to automatically compute the derivatives of functions within a computerized environment. Recently, Sun and Kumar [33, 34] proposed a tensor decomposition method for orbital uncertainty propagation, which is a numerical result for direct solution of FPE. However, solving FPE is extremely difficult for high-dimension systems, e.g. the 6-dimensional orbital dynamics system. Instead, the GMM method [30] [31] [32] tends to approximate a non-Gaussian PDF by using a finite sum of weighted Gaussian density functions. It decouples a large uncertainty propagation problem into many small problems, which is an effective methodology to represent a non-Gaussian distribution and to reduce the effects of nonlinearity in dynamics. Moreover, some hybrid methods had also been developed through integrating the advantages of different uncertainty propagators, such as the combined GMM and STTs method [35, 36] , and the combined GMM and PC method [37] . Recently, a detailed review of orbital uncertainty propagation was given by Luo and Yang [38] .
The nonlinear uncertainty propagators mentioned above [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] mainly focus on the propagation of absolute states uncertainties of satellites, which is usually performed by ground control centers. However, the uncertainty propagation for formation-flying satellites needs to be carried out onboard [16] . Thus, analytical algorithms are required so that satellite onboard computers having low computational capability can perform necessary computations efficiently. To address this issue, linear analytical uncertainty propagators for satellite relative motion had been developed based on the linearized relative motion and white Gaussian process noises [17, 39] . However, these approaches relied on an assumption of circular chief orbit so that the linear relative dynamic models (e.g., C-W equations) can be used. As an improvement, Lee et al. [16] further proposed an analytical, closed-form uncertainty propagation method for relative motion near general elliptic orbits. However, these analytical uncertainty propagators [16, 17, 39] did not account for any practical perturbations (e.g. the Earth oblateness and atmospheric drag). In fact, based on the LinCov technique [20] , all the state transition matrices (STMs) employed in the linear relative-motion models [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] can be directly used to propagate the relative state uncertainty. However, as will be revealed in this study, the higher-order nonlinear solution for propagating relative state (e.g., [14] ) cannot be directly used for propagate the relative state uncertainty. In addition, the STMs-based LinCov methods are only defined to linearly compute the mean and covariance matrix of the relative state uncertainty, which may be inadequate for long-duration, non-Gaussian uncertainty propagation problems.
Therefore, this study motivates to develop a nonlinear, analytical method for the long-duration, non-Gaussian uncertainty propagation of satellite relative motion. Based on the analytical solutions proposed by Sengupta et al. [14] and Gim and Alfriend [6] , a set of second-order analytical STTs for propagating the difference of relative motion is derived. These STTs are then applied to nonlinearly propagate the mean and covariance matrix of relative state uncertainty. Considering the fact that a Gaussian distribution will become non-Gaussian distribution when mapped by the inherently nonlinear relative dynamics, a method combining the GMM and STTs is developed to analytically propagate the PDF of the relative state uncertainty. Based on the proposed STTs and the library data of splitting the univariate Gaussian distribution [32] , we can analytically evaluate the uncertainty of the relative state between two satellites at any time of interest without any numerical integration, in which the effects of impulsive maneuvers and their uncertainties can also be taken into account.
This manuscript is organized as follows. Section II gives the basic dynamical models and introduces the uncertainty propagation problem. Section III derives the second-order state transition of relative state difference based on the nonlinear solution for satellite relative motion. In Sec. IV, the nonlinear covariance propagation method is developed by using covariance analysis technique.
Section V investigates the nonlinear propagation of PDF using a method combining the GMM and STTs. Numerical results and comparisons are presented in Sec. VI, and conclusions are finally drawn in Sec. VII.
II. Problem Statement
In order to formulate the nonlinear analytical uncertainty propagator with J2-perturbation, the stochastic orbital dynamics and a general uncertainty propagation problem are first introduced in this section.
A. Orbital Dynamics
Orbital dynamic problem entailing uncertainty can be expressed by the Itô stochastic differential equation [40] , ( ) captures the deterministic part of the dynamics, and W(t) is an n×m matrix characterizing the diffusion. The initial condition uncertainty is determined by the probability density function (PDF) 0 0 ( , ) p t x , assumed known.
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For the satellite's motion concerned in this study, the deterministic part ( , ) 
where K is the number of impulses, tk is the k th maneuver time, and ( )
is the Dirac delta function.
Relative motion is conveniently described in a local vertical/local horizontal (LVLH) frame, which is attached to the center of mass of the chief satellite (also called the leader or target), the xaxis is aligned with the Chief orbit radius, the z-axis is along the orbit normal, and the y-axis completes the right-handed system. Let's denote the position of the deputy satellite (also called the fol- [14]   2  2  2  2  2 3 2  2   2  2  2  2  2 3 2   2  2  2  2 3 
where f θ ω = + is Chief's argument of latitude, r is the distance from central gravity to Chief, 2 J a and u are the J2-perturbation and thrust acceleration described in the Chief LVLH frame. Equation (4) has no analytical solution unless some approximations are assumed. For a given dynamical system that satisfies Eq. (1), the time evolution of a PDF ( , ) p t x over x at time t is described by the FPE [40] :
B. Uncertainty Propagation Problem
The FPE is a partial differential equation that governs the time evolution of a PDF. Hence, the solution of the FPE provides a complete statistical description of a trajectory depends on Eq. (1).
However, uncertainty propagation is always an extremely difficult process if we prefer to a complete statistical description, because it generally requires one to solve partial differential equations such as the FPE in Eq. (5) or to carry out particle-type studies such as MC simulations. The solving of FPE in orbital mechanics is a difficult task, primarily because the underlying FPE is defined in a relatively high dimensional state-space (6-D) and is driven by the nonlinear perturbed Keplerian dynamics, as shown in Eq. (2) . Moreover, although the MC method has high precision on uncertainty propagation and is easy to implement, it requires a large number of random samples for obtaining convergent statistics, which makes it computationally expensive.
Therefore, in order to efficiently quantify uncertainty within given range of the accuracy requirement, approximation methods are usually required, in which the Gaussian distribution assumption of uncertainty and the local linearization of the dynamics are commonly used. The statistics of a Gaussian distribution can be completely described by the first two moments, and the Gaussian distribution structure will remain unchanged under linear mapping. Thus, only the first two moments are required propagating under these assumptions. For a given uncertain state vector x, its mean (m) and covariance matrix (C) can be defined as,
where 
The linear uncertainty propagation in Eqs. (7) and (8) is well-known as linear covariance (LinCov) analysis technique [20] . This technique is similar with the predict step of a Kalman filter or an extent Kalman filter. It had been widely used in spaceflight missions [20] as it simplifies the problem and has a high computation efficiency. However, its accuracy drops down for highly nonlinear dynamics and long-term uncertainty propagation. As shown in Eqs. (2) and (4), the orbital dynamics is naturally nonlinear. The structure of Gaussian distribution will no longer be preserved when mapping it through a nonlinear dynamical system. To solve this issue, this study investigates a nonlinear analytical method for long-term, non-Gaussian orbital uncertainty propagation under J2-perturbation. A nonlinear covariance propagation method is first formulated based on the analytical solution of propagating relative state difference. This nonlinear covariance method is then incorporated into the GMM method to propagate the PDF of a non-Gaussian distribution. [14] .
III. State Transition Tensors for Relative Motion
In this section, a more complete second-order analytical solution for the relative motion near J2-perturbed, elliptical orbits is derived based on the similar concept in [14] . However, the secondorder analytical solution derived here is a little different from that in [14] . Furthermore, in order to construct a nonlinear uncertainty propagation for satellite relative motion, the obtained second-order analytical solution for relative motion has been revised and extended to propagate the relative state difference in Sec. III.D.
A. STTs for Nonlinear, Unperturbed Relative Motion
Let E = [a, e, i, Ω, ω, f] denote the satellite's classic orbital elements, where a is the semi-major axis, e is the eccentricity, i is the inclination, Ω is the right ascension of the ascending node, ω is the argument of periapsis, and f is the true anomaly. The orbital elements-set E is singular for circular orbits, e = 0. To avoid this singularity, a set of modified orbital elements can be defined as, e = [a, 
By considering only the average effect of J2-perturbation in the second-order terms of Eq. (16), i.e. using the mean relative orbital elements in the last two terms of Eq. (16), Sengupta et al. [14] presented another nonlinear propagation from the mean relative orbital elements Rewriting Eq. (16) to be a brief expression, we obtain,
where the Einstein summation notation is employed for all the dummy variables (i, j, k, l, m), e.g., for a dummy variable m, 
where the initial conditions for calculating 
Moreover, substituting Eq. (14) into Eq. (20), the nonlinear analytical propagation of the timedependent relative state ( ) t x can be finally obtained as 
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Here, , Φ ) Ψ is the STTs for propagating the relative state difference. Comparing Eq. (24) 
IV. Nonlinear Covariance Propagation of Relative State Uncertainty
This section develops a nonlinear method for propagating the first-two moments of relative state uncertainty by using the derived STTs in Eq. (24) . A nonlinear covariance propagation for free relative motion (i.e., no maneuvers on both satellites) is first formulated in Sec. IV.A. Then, it is extended to more complex scenarios that consider maneuvers executing on Deputy or Chief. For these scenarios, a set of transitive STTs needs to be derived by considering the abrupt state jumps caused by maneuvers, as shown in Secs. IV.B and IV.C.
A. Covariance Propagation for Free Relative Motion
Substituting Eq. (24) into Eq. (6), the nonlinear propagation of mean and covariance matrix for the initial relative state uncertainty can be obtained as
Assuming that the initial relative state uncertainty is Gaussian distribution, then the third and fourth original moments can be computed using the mean and covariance matrix [26] 
For the sake of simplicity, the nonlinear covariance propagation in Eqs. (25) and (26) is denoted as
, ; , , ,
where ( ) 
. However, the STT Ψ is not transitive when the second-order solution is considered. In order to keep the second-order precision in the propagation of relative state uncertainty, transitive STTs are derived in the following two sections for scenarios with Deputy and Chief maneuvering, respectively.
B. Covariance Propagation with Deputy Maneuvering
We first consider the scenario with Deputy executing impulsive maneuvers, i.e. , 
where the superscript "+" denotes the state after an impulse.
Briefly, by substituting Eqs. (24) and (28) into Eq. (6) repeatedly, the relative state uncertainty can be segmentally propagated to the final time along the (K+1) segments of relative trajectories, i.e., 
where k = 0, 1, …, K, 
The uncertainty propagation in Eq. (29) According to Eq. (24), the propagation of relative state difference in the first segmented trajectory can be expressed as
Similarly with Eq. (30), the propagation of relative state difference in the second segmented trajectory can be expressed as 
where the STTs , Φ Ψ is computed based on Eq. (21) 
where the similar denotation of Eq. (27) Equation (34) shows that the initial relative state uncertainty and the impulsive maneuver uncertainty can be independently propagated and summed at the final time.
The process of deriving Eq. (34) can be recursively applied to problem with more than one impulsive maneuvers, i.e. , 
( , ) ( , ) 1ˆ, , ; , , 
) is used for propagating the nominal relative state.
C. Covariance Propagation with Chief Maneuvering
The problem considering maneuvers on Chief is different from that on Deputy, because the LVLH frame used to describe the relative state is attached on Chief, thus the description of Deputy's relative state will be affected by Chief maneuvers.
Let's consider that Chief performs K impulsive maneuvers , 
where. For the first situation, the final mean and covariance matrix can be computed by independently applying the second terms of Eqs. (36) and (41) 
where the superscripts "C" and "D" denote Chief and Deputy, respectively. Combing Eq. (42) with (41), the first two moments of final relative state uncertainty can be propagated for the scenario with Deputy and Chief executing maneuvers simultaneously.
V. Nonlinear Propagation of Probability Density Function
Equations (27), (35) and (41) can be used to propagate the first two moments of relative state uncertainty. However, the final relative state uncertainty may not keep Gaussian distribution even though all the input uncertainties are assumed Gaussian distributions, because the Gaussian structure cannot be preserved after a nonlinear mapping such as the orbital dynamics in Eq. (4). For a non-Gaussian distribution, the first two moments are insufficient to fully describe its statistical properties. To address this problem, a method to propagate the non-Gaussian PDF is developed by combing the nonlinear covariance propagation with a GMM approach.
A. Gaussian Mixture Model
The main idea of GMM approach is to approximate an arbitrary PDF using a finite sum of weighted Gaussian density functions, i.e., 
Theoretically, the mixture PDF, ( ) , p t x , approximates to the real PDF ( ) , p t x by increasing the number of mixtures, N. There are several methods available to split the initial Gaussian distribution into a GMM [30] [31] [32] , this study employs the splitting method proposed by DeMars et al. [30] .
This method first splits a univariate Gaussian distribution 
The weights updating during the propagation process is not considered in this study, readers with an interest on this topic can refer to [31] .
B. Method Combining GMM and STTs
For the uncertainty propagation with Deputy or Chief executing impulsive maneuvers, it needs to split the input uncertainties (including initial relative state uncertainty and impulsive maneuver uncertainties) into N Gaussian mixtures, and then to propagate every Gaussian mixture to the final time using Eqs. (27), (35) or (41).
Based on the theoretical concepts of GMM method, the propagation of PDF based on the method of combining GMM and STTs can be summarized as follows.
Step 1: Combine the initial relative state uncertainty and impulses uncertainties together as an extended, (n+3K)-dimensional state: 
Step 2: Split the multivariate Gaussian distribution
, …, N) using Eq. (45) and the library data given by Vittaldev and Russell [32] .
Step 3: Extract the input statistical moments, i.e. 
( )
It is noted that the transitive STTs in Eqs. (27) , (35) or (41) only need to compute once for propagating all the Gaussian mixtures, because all the nonzero mean Gaussian mixtures can be nonlinearly propagated using the same STTs.
Step 4: Compute the PDF and moments of final relative state uncertainty using Eqs. (43) and (46), respectively.
By combing the STTs-based covariance propagation with the GMM method, the PDF and moments of final relative state uncertainty can be analytically computed.
VI. Simulation Results
In this section, the accuracy of the analytical methods developed in Secs. IV and V are demonstrated with numerical results. To evaluate their accuracy, we first analytically compute the first two moments and the PDF using the analytical methods, and then compare them with the distribution calculated from Monte Carlo simulations. In the simulation, Chief is located at an 800 km altitude, near-circular orbit, its initial orbital elements (semi-major axis, eccentricity, inclination, right ascen- we use different acronyms to label the methods used in different scenarios, they are explained in Table 1 . For the LinCov method in Table 1 , it should be noted that the STM Φ in Eq. (21) can be directly used to propagate the relative state uncertainty if only the first-order solution is considered, and that the result of transitive propagation (i.e. a first-order solution of Eq. (27)) is the same with that of segmented propagation (i.e. a first-order solution of Eq. (29)) as the STM is naturally tran- 
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Numerically integrating the dynamics of both satellites in the ECI frame using Eq. (2), transforming their states from ECI frame to Chief LVLH frame and differencing them to obtain the relative state.
LinCov
It denotes the covariance propagation using Eq. (7). gmmSTT It denotes the combing GMM and STTs method given in Sec. V, in which the respective tranSTT is used for a specific scenario corresponding to Sec. VI.B, VI.C or VI.D. tranSTT In Sec. VI.B and VI.D, it denotes the covariance propagation using Eq. (27) .
In Sec. VI.C, it denotes the covariance propagation using Eq. (35) . In Sec. VI.D, it denotes the covariance propagation using Eq. (41). segmSTT In Sec. VI.B and VI.D, it denotes the covariance propagation using Eq. (27) , however, the STM Φ )
is replaced by the Φ in Eq. (21). In Sec. VI.C, it denotes the covariance propagation using Eq. (29).
In Sec. VI.D, it denotes the covariance propagation using Eq. (29) 
A. Accuracy Analysis of Relative State Propagation
In order to validate the accuracy of Eq. (21) (17) instead of the Eq. (46) in [14] , because we thought there might be a small typo for the Eq. (46) in [14] , as explained in Sec. III.C.
As shown in Figs. 1 and 2 , the accuracy of Eq. (21) is almost the same with the solution given by Sengupta et al. [14] . Nevertheless, as illustrated by the enlarged view of Fig. 1 , Eq. (21) obtains a bit improvement on relative position propagation through using osculating orbital elements instead of mean orbital elements in the second-order state transition of relative motion. This study mainly focus on the propagation of relative state uncertainty by using Eq. (21), more results about relative state propagation can refer to [6, 14, 44] . 
B. Results for Free Relative Motion
In order to validate the uncertainty propagation method developed in Sec. IV.A for the scenario of free relative motion, the initial relative state uncertainty is propagated to the final time using different methods interpreted in Table 1 Figure 7 gives the 3σ error ellipsoids of the 21 Gaussian mixtures propagated using the tranSTT method, as is shown, the MC samples are well surrounded by the 3σ error ellipsoids, it shows that the gmmSTT method is effective to capture the non-Gaussian uncertainty. Additionally, the PDF computed using the gmmSTT method is shown in Fig. 8 , it can be seen that the PDF of gmmSTT has contours which well matches of the curvature of the MC samples.
The computation times are given in Table 2 , comparing to the MC method (760.543 s), the tranSTT (0.061 s) method has comparable accuracy but much smaller computation time. Although the LinCov (0.010 s) is more efficient, it has lower accuracy than the tranSTT for nonlinear, nonGaussian uncertainty propagation. 
C. Results for Relative Motion with Deputy Maneuvering
In order to validate the uncertainty propagation method developed in Sec. IV.B for the relative motion with Deputy maneuvering, the initial relative state uncertainty and the impulses uncertainties are propagated to the final time using different methods interpreted in Table 1 . The nominal impulses are given in Table 4 , these two impulses are computed using Eq. Tables 5 and 6 , respectively. As shown in Table 6 , the tranSTT method is more accurate than the segmSTT and LinCov methods on standard deviations.
However, as shown in Table 5 , the tranSTT method mismatches MC simulations on the means of transverse position and velocity, and its accuracy on propagation means even worse than LinCov method. The reason may be that only the average effects of J2-perturbation are considered in Eq. As shown in Tables 5 and 6 , the gmmSTT method still witnesses the similar accuracy with the tranSTT method on propagating the first two moments. Moreover, as shown in Fig. 11 , the PDF of gmmSTT has contours which well matches of the curvature of the MC samples, it demonstrates that the gmmSTT method is effective to capture the non-Gaussian distribution for this scenario with Deputy maneuvering.
D. Results for Relative Motion with Chief Maneuvering
In order to validate the uncertainty propagation method developed in Sec. IV.C for the relative motion with Chief maneuvering, the initial relative state uncertainty and impulses uncertainties are propagated to the final time using different methods interpreted in Table 1 . The nominal impulses are given in Table 7 , these two impulses are computed using Eq. Tables 8 and 9 , respectively. Tables 8~9 and Figs 13~14, it is found that, for this scenario, the tranSTT method is still more accurate than the segmSTT and LinCov methods on propagating the first two moments.
Additionally, the results of the gmmSTT are compared with MC simulations in Fig. 12 , as is shown, the PDF contours of gmmSTT well match the curvature of the MC samples, it demonstrates that the gmmSTT method is still effective to capture the final non-Gaussian distribution for this scenario. Table 2 ) for both Figs. 15 and 16. However, for the 5-day propagation in Fig. 16 , the MC simulation requires more than 7600 s of computation time. 
F. Summary and Discussion
In summary, based on the results and analysis presented in Secs. VI.B~VI.E, the STTs-based uncertainty propagators (tranSTT and gmmSTT) developed in this study not only provide good accuracy matching of MC simulations but also are computationally efficient.
(1) As shown in Sec. VI.B, the previously proposed STTs (Eq. (21)) that used for relative state
propagation cannot be directly employed to propagate relative state uncertainty. Instead, the revised STTs (Eq. (24)) given in this study can be used, and it has better accuracy than the previous ones.
(2) As shown in Secs. VI.C and VI.D, for relative state uncertainty propagation with abrupt state jumps (e.g. Deputy or Chief executes maneuvers), the transitive STTs (Eqs. (35) and (41)) derived in this paper has better accuracy than the segmented STTs (Eq. (29)) on relative state uncertainty propagation. Because the truncation error will be increasingly enlarged by the segmented STTs with the statistical moments being dispersed by the segmented trajectories one after another.
(3) As shown in Sec. VI.E, as the second-order nonlinear terms are correctly included in the proposed methods (tranSTT and gmmSTT), the proposed methods are suitable for problems with large initial relative-orbit size r ρ or long propagation time f t . The defined RMSE of standard deviation is less than 800 m for r ρ up to 55 km, and this RMSE is less than 3 km for f t up to 5 days. However, the concepts of accounting for the second-order nonlinear terms and the abrupt state jumps on relative state uncertainty propagation can be used to extend the current method through combing it with the state-of-art analytical STTs in relative motion (e.g., [8, 9, 12] ).
VII. Conclusions
An analytical uncertainty propagation method based on state transition tensors (STTs) is devel- Gaussian distribution can be done offline, the proposed uncertainty propagation method can be computationally efficient.
